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Unstable combustion was observed in a dual-chamber combustor that mimics heavy-duty gas engines utilizing

prechamber jet ignition. Prechamber combustion generated a hot turbulent jet that ignited the ultra-lean H2∕air
mixture in the main chamber. Thermoacoustic combustion instability was initiated for main-chamber equivalence

ratio, ϕ < 0.5, and grew severe in the lean-burn regime, 0.22 < ϕ < 0.3. Simultaneous schlieren and OH�

chemiluminescencewere used to visualize the unstable flamepropagation and to characterize the instability. Classical

acoustic resonator analysis andpressure spectra showed the longitudinalmode of acoustic disturbance as the primary

instability mode for all equivalence ratios. However, a leaner flame was affected more due to stronger coupling

between heat release and the pressure field perturbation. Transverse and mixed modes were observed at lean

conditions,ϕ < 0.4. A phase-resolvedmeasurement of strain rates along flame edge showedanoscillating strain along

pressure perturbation cycle. To model the instability, 3D linearized Euler equations were solved in the frequency

domain coupled with combustion response models. The physical significance of the instability modes and their

behavior were identified using dynamic mode decomposition. Based on the experimental and modeling results,

a mechanism for thermoacoustic instability was proposed for ultra-lean premixed H2∕air ignition by a hot

turbulent jet.

Nomenclature

cv = heat capacity at constant volume, J∕�kg ⋅ K�
d = nozzle diameter, m
e = specific internal energy, J∕kg
f = frequency, Hz
L = length of the combustor, m
p = pressure, N∕m2

q = heat release, J
R = gas constant, J∕�kg ⋅ K�
S = density ratio, ρj∕ρ∞
St = Strouhal number, fd∕U
T = temperature, K
t = time, s
u, U = velocity, m∕s
x, y = spatial coordinate, m
γ = specific heat ratio, cp∕cv
κ = strain rate, 1∕s
ρ = density, kg∕m3

ϕ = equivalence ratio

Subscripts

ad = adiabatic
h = jet
iso = waypoint index
w = magnitude of complex formulation
1 = longitudinal
2 = transverse
∞ = ambient

^ = amplitude
� = mean
0 = fluctuation

I. Introduction

I N RECENTyears gas engine manufacturers have faced stringent
emission regulations on oxides of nitrogen (NOx) and unburned

hydrocarbons [1,2]. Operating internal combustion engines at ultra-
lean conditions can reduceNOx emissions and also improve thermal
efficiency [3,4]. An approach that can potentially solve the challenge
of igniting ultra-lean mixtures is to use a reacting/reacted hot
turbulent jet instead of a conventional electric spark [5–10]. The hot
turbulent jet is produced by burning a small amount of stoichiometric
or near-stoichiometric fuel/air mixture in a small volume separated
from the main combustion chamber called the prechamber. The
higher pressure resulting from prechamber combustion pushes
combustion products into the main combustion chamber in the form
of a hot reacting/reacted turbulent jet, which then ignites the ultra-
lean mixture in the main combustion chamber. Compared with
conventional spark ignition, the hot turbulent jet has a much larger
surface area containing numerous ignition kernels over which ignition
can occur. Hot jet ignition has the potential to enable the combustion
system to operate near the fuel’s lean flammability limit, leading to
ultra-low emissions.
However, ignition and combustion of ultra-lean fuel/air mixtures

have many challenges. The first challenge regards reliable ignition at
ultra-lean conditions. For example, due to poor ignition, misfires can
occur in the engine. Suchmisfires can lead to cycle-to-cyclevariability,
rough operation, increase in unburned hydrocarbon emissions, and
reduction in efficiency—none of which are desirable [11,12]. The
second challenge deals with the unstable combustion dynamics at the
lean limit. As the operating condition moves toward lean flammability
limit, the flame becomes weaker, and a further response by growing
acoustic disturbance field leads to thermoacoustic oscillations.
Characteristics of thermoacoustic instability include large pressure
oscillations, oscillating flame propagation, and reduction in flame
speed, that is, reduction in stable flame propagation limit in general.
This has an adverse effect on combustion efficiency, and also threatens
the structural life of combustor [13–15].
Combustion instability is a highly complex phenomenon caused

due to coupling between pressure and heat release fluctuations in
a combustion chamber. While a large number of literature on
thermoacoustic instability exist for solid rockets [16–20], liquid rockets
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[21–26], and gas turbines [27–30], very few are available for
prechamber jet ignition combustion systems, such as heavy-duty, lean-
burn jet ignited, or stratified natural gas engines. In our previous studies
[31–35], we found that supersonic jets not only shortened the ignition
delay but also extended the lean flammability limit ofH2∕airmixture in
the main chamber, as compared with the jets produced by straight
nozzles. For example, the lean limit achieved using straight nozzles
was found to be ϕ � 0.31. Supersonic converging-diverging nozzles,
however, can extend this limit to ϕ � 0.22. Nevertheless,
thermoacoustic instability became severe at the ultra-lean conditions
0.22 < ϕ < 0.3. The existence of combustion instability was inferred
from visual observations of oscillating flame front via high-speed
schlieren and OH� chemiluminescence imaging as well as unsteady
pressure oscillations. Strain gauge and accelerometer measurements
attached to the combustor show increase in structure vibration during
ultra-lean operations. Controlling such instability, active or passive,
requires adequate knowledge about different types of instability modes,
perturbation energy, and frequencies associated with the instability.
Motivated by the above, this paper investigates the characteristics

of thermoacoustic instability that arises during the prechamber hot jet

ignition of ultra-lean premixed H2∕air using both experiment and
mathematical modeling. The self-excited oscillation of the hot jet that
initiated ignition in themain chamber and the effect of equivalence ratio
on instabilitywere discussed. Combustion instabilitywas characterized
using experimentally determined fast Fourier transform (FFT),
Rayleigh criteria, power spectra, bifurcation behavior, and growth and
decay rates. These resultswere then comparedwith themodeling results
by solving the 1D and 3D linearized Euler equations (LEE) coupled
with combustion response functions (CRF) in the frequency domain. A
phase-resolved measurement of strain rates along the oscillating flame
edge was carried out. Finally, the unstable modes and their behavior
were identified using dynamic mode decomposition (DMD), and a
combustion instability mechanism was proposed.

II. Experimental Method

The experimental method is discussed in detail in [34,35], and will
be briefly introduced here. The experimental setup is schematically
shown in Figs. 1a and 1b [28]. A small-volume, 100-cc cylindrical
stainless steel (SS316) prechamber was attached to the rectangular

Fig. 1 Schematic of a) experimental setup, and b) prechamber and main chamber assembly [34].
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(17 0 0 × 6 0 0 × 6 0 0) carbon steel (C-1144) main chamber. The main
chamber to prechamber volume ratio was 100∶1. A stainless steel
orifice platewith a constant nozzle length (10mm) and various nozzle
designs (reported in Table 1) separated both chambers. Combustion
instability characteristics of H2∕air for six different nozzle designs
were investigated.
A thin, 25-μm-thick aluminum diaphragm separated both

chambers with dissimilar equivalence ratios from mixing. In the
present paper, all tests were conducted at room temperature, 300 K.
The stoichiometric fuel/air mixture in the prechamber was ignited by
an electric spark created from a 0–40-kV capacitor discharge ignition
(CDI) system. A Bosch iridium spark plug with ultrathin iridium
center electrode was attached at the top of the prechamber. The
transient pressures of both chambers were measured using high-
resolution ∼10-kHz Kulite (XTEL-190) pressure transducers and
were recorded using NI-9237 signal conditioning and pressure
acquisition module by LabVIEW software. A 1 0 0-thick-polymer
insulation jacket was wrapped around the prechamber and the main
chamber to minimize heat loss. The amount of fuel (industrial grade
H2, 99.98% pure) and air were calculated using partial pressure
method and were introduced using two separate ports into the
constant volumemain chamber. Unlike the main chamber where fuel
and air were mixed in the chamber itself, fuel/air in the prechamber
was premixed in a small stainless-steel mixing chamber (2.5 cm
diameter, 10 cm long) prior going into prechamber.
The primary reason for using different nozzle geometry was to test

the flammability limit of H2∕air using subsonic and supersonic
nozzles. Except nozzle 1, which was a straight nozzle of 1.5 mm
diameter, we kept all other nozzle inlet and throat diameters identical
to control the mass flow at the choked condition. Different C-D
nozzle geometry affected the ignition process differently. We found
that the supersonic jets generated from C-D nozzles could extend the
lean flammability limit of H2∕air mixture compared with straight
nozzles. Because of higher velocity and vorticity, the supersonic jets
could mix with the cold unburned H2∕air more efficiently than
subsonic nozzles. Simultaneously, the static temperature of the
supersonic jets increased after each shock, and after the final strong
shock, the temperature risewas significant.Main chamber ignitionwas
initiated from this high-temperature region. These two phenomena
together raised the possibility of ultra-lean ignition using supersonic
jets from C-D nozzles over straight jets. However, once the main
chamber was ignited and the flame started moving inside the chamber,
the combustion instability was activated at certain condition.We found
that for ϕ � 0.5 and for all nozzle geometries, the instability was
initiated at 35%–40% of the maximum pressure rise. For ϕ � 0.22,
instability was activated below 10% of the maximum pressure rise.
Thus, the nozzlegeometryused in the present studyhadno effect on the
onset of combustion instability. Rather, the main chamber geometry
and mixture properties were key factors in initiating instability.

A. High-Speed Schlieren and OH� Chemiluminescence Photography

A customized trigger box synchronized with the CDI spark ignition
systemsent amaster trigger to twohigh-speedcameras for simultaneous
schlieren and OH� chemiluminescence imaging. The main chamber
was installed with four rectangular (5.5 0 0 × 3.5 0 0 × 0.75 0 0) quartz
windows (typeGE124) on its four sides for optical access. High-quality
UVtransparent (89%UVtransmissionat 260nm)quartzwindowswere
used. One pair of the windows was used for Z-type schlieren system.
Another pair of windowswas chosen for simultaneous high-speedOH�

chemiluminescence measurement. The high-speed schlieren imaging
technique was used to visualize the evolution of the transient hot jet as
well as the ignition process in the main combustion chamber. The
Z-type schlieren system consisted of a 100 W (ARC HAS-150 HP)
mercury lamp light source with a condensing lens, two concave
parabolic mirrors (6 0 0 diameter, focal length 1.2 m), and a high-speed
digital camera (Vision Research Phantom v7). Schlieren images were
capturedwith a resolution of 800 × 720 pixelswith a framing rate up to
12,000 fps.
The simultaneous high-speed OH� chemiluminescence measure-

ment provided a better view of the ignition and flame propagation
processes. A high-speed camera (Vision Research Phantom v640)
camera, alongwithvideo-scopegated image intensifier (VS4-1845HS)
with 105 mmUV lens, were used to detectOH� signals at very narrow
band 308� 10 nm detection limit. The intensifier was externally
synced with the camera via a high-speed relay and acquired images at
the same frame rate (up to 16,000 fps) with the Phantom camera.

B. Schlieren Image Velocimetry

As described in [36], in schlieren image velocimetry (SIV)method
the turbulent eddies in a turbulent flow field serve as the PIV particles.
The self-seeded successive Schlieren images can be correlated to find
instantaneous velocity field information. Because of path-integrated
nature of Schlieren, an inverse Abel transformation was required to
find the true velocity field. The Z-type Herschellian high-speed
Schlieren system described above was used for SIV.

III. Mathematical Modeling

A. Modeling of Combustion Instability

Mathematical modeling was performed to determine various
thermoacoustic instability modes and to gain insights into the origin
and growth of the instabilities. First, a reduced order, 1D LEE [37,38]
coupled with CRF were solved in the frequency domain to predict the
fundamental modes of combustion instabilities in the dual-chamber
combustor system. Then 3-D LEE coupledwith advanced combustion
response functions (ACRF)were solved based on the exact combustor
geometry using COMSOL [39]. The governing equations for LEE,
wave equations, and their implementation in the frequency domain are
discussed below. The conservation equations (mass, momentum, and
energy) for inviscid flow are

∂ρ
∂t

� ∂�ρu�
∂x

� 0 (1)

ρ
∂u
∂t

� ρu
∂u
∂x

� ∂p
∂x

� 0 (2)

ρ
∂e
∂t

� ρu
∂e
∂x

� −p
∂u
∂x

� q (3)

where t, x, ρ, u, p, e, and q are time, space, density, velocity, pressure,
specific internal energy, and heat release, respectively. The equation of
state can be written as

p � ρRT (4)

The specific internal energy can be written as a function of pressure
p and specific heat ratio γ:

e � cvT � cv
p

R
� p

γ − 1
(5)

Equations (1–3) can be combined into the following form:

∂p
∂t

� u
∂p
∂x

� γp
∂u
∂x

� �γ − 1�q (6)

We can express pressure, velocity, density, and heat release as a sum
of their mean and fluctuating components.

Table 1 Dimensions of the nozzles used in the experiment [35]

Nozzle No. Type dinlet, mm dthroat, mm dexit, mm Ae∕At

1 Straight 1.5 1.5 1.5 ——

2 Straight 3 3 3 ——

3 Convergent 3 — — 1.5 ——

4 C-D 3 1.5 3 1
5 C-D 3 1.5 4.5 9
6 C-D 3 1.5 7.5 16
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p� �p�p 0; u� �u�u 0; ρ� �ρ�ρ 0; q� �q�q 0 (7)

where � indicates mean quantities and 0 indicates fluctuating

quantities. To obtain linearized equations in terms of perturbed

variables, substitute Eq. (7) in Eqs. (1), (2), and (6) and neglect

higher-order terms:

∂ρ 0

∂t
� ∂

∂x
�ρ 0 �u� �ρu 0� � 0 (8)

∂u 0

∂t
� �u

∂u 0

∂x
� u 0 ∂ �u

∂x
� ρ 0 �u

�ρ

∂ �u
∂x

� 1

�ρ

∂p 0

∂x
� 0 (9)

∂p 0

∂t
� �u

∂p 0

∂x
� u 0 ∂ �p

∂x
� γp 0 ∂ �u

∂x
� γ �p

∂u 0

∂x
� �γ − 1�q 0 (10)

Use the following mathematical relationships of pressure, velocity,

and density and substitute them in Eqs. (8–10):

�u∂u 0

∂x
� ∂

∂x
�uu 0 −

u 0�∂ �u�
∂x

(11)

1

�ρ

∂p 0

∂x
� ∂

∂x

�
p 0

�ρ

�
− p 0 ∂

∂x

�
1

�ρ

�
(12)

�u
∂p 0

∂x
� ∂

∂x
�up 0 − p 0 ∂ �u

∂x
(13)

γ �p
∂u 0

∂x
� γ

∂
∂x

�pu 0 − γu 0 ∂ �p
∂x

(14)

And after substitution we get

∂ρ 0

∂t
� ∂

∂x
�ρ 0 �u� �ρu 0� � 0 (15)

∂u 0

∂t
� ∂

∂x
�uu 0 −u 0 ∂ �u

∂x
� u 0 ∂ �u

∂x
� ρ 0 �u

�ρ

∂ �u
∂x

� ∂
∂x

�
p 0

ρ

�
−p 0 ∂

∂x

�
1

�ρ

�
� 0

(16)

∂p 0

∂t
� ∂
∂x

�up 0−p 0 ∂ �u
∂x

�u 0 ∂ �p
∂x

�γp 0 ∂ �u
∂x

�γ
∂
∂x

�pu0−γu0 ∂ �p
∂x

��γ−1�q0

(17)

Equations (15–17) are in the time domain. The time domain

formulation can be converted into the frequency domain, complex

Eigenvalue formulation, using complex formulation, where ^denotes
amplitude and w denotes magnitude of complex formulation.

p 0�x; t� � Re�p̂�x� ⋅ eiwt�; u 0�x; t� � Re�û�x� ⋅ eiwt�
ρ 0�x; t� � Re�ρ̂�x� ⋅ eiwt�; q 0�x; t� � Re�q̂�x� ⋅ eiwt� (18)

Substituting Eq. (18) into Eqs. (15–17) we get 1D LEE in the

frequency domain:

iωρ̂� ∂
∂x

�ρ̂ �u��ρ û� � 0 (19)

iωû� ∂
∂x

�u û−û
∂ �u
∂x

� û
∂ �u
∂x

� ρ̂ �u

�ρ

∂ �u
∂x

� ∂
∂x

�
p̂

�ρ

�
− ρ̂

∂
∂x

�
1

�ρ

�
� 0

(20)

iωp̂� ∂
∂x

�u û−p̂
∂ �u
∂x

� û
∂ �p
∂x

� γp̂
∂ �u
∂x

� γ
∂
∂x

�p û−γû
∂ �p
∂x

� �γ − 1�q̂
(21)

The above 1D LEE can be generalized in 3D as,

iωρ̂� ∇ ⋅ �ρ̂ �u��ρ û� � 0 (22)

iωû� ∇ ⋅
�
û ⋅ �u� p̂

�ρ
I

�
� ρ̂

�ρ
� �u ⋅ ∇� �u − p̂∇�ρ−1

� �∇ �u − �∇ ⋅ �u�I�û � 0 (23)

iωp̂� ∇ ⋅ �γ �p û�p̂ �u� � �1 − γ��û ⋅ ∇� �p − �1 − γ��∇ ⋅ �u�p̂
� �γ − 1�∕Qs (24)

whereQs � q̂ W∕m3 is the heat source, and u is the velocity field. û
denotes complex potential; ω is the complex argument. Neglecting
mean flow in LEE gives wave equation. The 1Dwave equation can be
expressed as

1

�c2
∂2p 0

∂t2
− ∇2p 0 � γ − 1

�c2
∂q 0

∂t
(25)

The 3D wave equation in frequency domain can be written as

−
1

�c2
ω2p̂

�ρ
−
∇2p 0

�ρ
� γ − 1

�ρ �c2
⋅ iω ⋅ q̂ (26)

LEE is a low-order computational method and is often used as an
alternative to LES [40] simulations due to its low computational cost
andmemory requirements. LEE is the systemof equations obtained by
perturbing the basic conservation equations of mass, momentum, and
energy, and linearizing them so that they contain only first-order terms.
These linearized equations can either be in the time domain or in the
frequency domain. In this paper, these equations were solved in the
frequency domain. LEE solve for Eigenmodes and help to understand
whether the mode is stable or unstable. In addition, the solution also
provides information about the “growth rate” of the instability. In
general, the lower-order models such as wave equation and LEE are
solved in the frequency domain, whereas the higher-ordermodels such
as LES are solved in the time domain. It should be noted that the mean
flow field is included in the systemof equations.Wave equationwill be
used in cases where there is no mean flow, and LEEwill be used when
mean flow can no longer be considered negligible.

B. Combustion Response Models

Two different combustion response models, Crocco’s n–τ pressure
lag model [14,41] and Dowling’s velocity lag model [30], were
implemented in the present study. For Crocco’s n–τ model, the
interaction index, which signifies the intensity of heat release, and the
time delay, which indicates the time difference between unsteady
heat release and pressure fluctuations, were calculated from the
experimentally measuredOH� chemiluminescence and pressure data.
For both the models, heat release is assumed to be concentrated in a
very thin region for 1D LEE. A distributed heat release zonemodeling
from OH� chemiluminescence intensity measurements was included
in 3D LEE. In the present study, the flame was not acoustically
compact. As Kim et al. [42] demonstrated, when the ratio of the flame
length to the acoustic wavelength is larger than 10%, the local flame
transfer function results in a more accurate prediction of the instability
frequency and stability boundary than that obtained using the global
flame transfer function. For the longitudinal modes, our flame length
was 17%–31% of the acoustic wavelength. However, for transverse
and mixed mode, the flame length was 30%–66% of the acoustic
wavelength. Thus, the acoustically compact flame assumption did not
hold true for our study. The combustion response model, Crocco’s
model or Dowling’s model, was combined with the LEE solver in
MATLAB (1D LEE in-house code) or COMSOL (3D LEE).
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The obtained solution would lie in the complex domain. A positive
imaginary part of the complex number indicates decay and a negative
imaginary part indicates growth of instability. Table 2 lists Crocco and
Dowling’s model parameters. Interaction index, n is a scaling factor
that signifies the intensity of heat release. The phase lag τ quantifies the
phase difference between heat release and pressure or velocity
fluctuation for Crocco and Dowling’s model, respectively.

IV. Results and Discussion

Combustion instability of premixed H2∕air at the ultra-lean limit
was examined using both experiment and modeling. First, the
experimental results are presented, including characterization of self-
excited oscillations of the hot jet, the effect of equivalence ratio on
thermoacoustic instability, instability modes calculated using FFTand
power spectra, growth and decay rates, bifurcation behavior, unstable
flame dynamics, and strain rate probability density functions (PDFs).
The modeling results are used to explain different instability modes
and their physical significance. The experimentally determinedgrowth
rates were compared with the modeling results. The instability modes
and their behavior were identified using DMD. Finally, a combustion
instability mechanism was proposed for combustion systems utilizing
prechamber turbulent hot jet ignition.

A. Self-Excited Oscillations of Hot Jet

It is well known that a jet develops an absolute instability in the
potential core region if the jet density to the density of the ambient fluid
is below a certain critical value [43–45]. Using the spatiotemporal
instability analysis and experimental validation, Monkewitz and Sohn
[45] showed that a steady heated jet could become absolutely unstable
when the density ratio S � ρj∕ρ∞ < 0.72, where ρj is the jet density
and ρ∞ is the ambient fluid density. However, in the present study, the
hot jet issued from the prechamber was mostly transient, variable-
property jet. The jet became steady for a brief moment in its lifetime,
after the prechamber pressure was reached maximum. The instability
in themain chamber started at the endof the steadyperiod of the hot jet.
In our experiment, the jet-to-ambient density ratio, S, was below 0.36
for all conditions, which was much smaller than the critical value
of Monkewitz. Along with the critical density ratio, Monkewitz
suggested a range of the Strouhal numbers based on nozzle diameter
and exit velocity, St � fd∕Uj, for absolute instability to happen. The
Strouhal numbers related to our hot jet were found to be in the range of
0.25–0.5, which falls within the range proposed byMonkewitz. Thus,
the prechamber combustion generated hot turbulent jet was absolutely
unstable. Even though the hot jet was absolutely unstable at all
equivalence ratio conditions, combustion instabilitywasobservedonly
for main-chamber mixtures having ϕ < 0.5.
Because an absolutely unstable jet initiated the ignition in the main

chamber, we need to understand the global instabilitymodes of the hot
jets before going into the details of combustion instability. However,
from the current diagnostics, it was not certain if the absolutely
unstable hot jet introduced the initial disturbances to themain chamber
combustion system. Turbulent oscillations from the jet could also
contribute at the onset of instability. Thus, further investigation is
needed to explore the origin of the instability in the main combustor.
To capture the unstable modes of the hot jet, the near-field pressure

was measured using a high-speed Kulite pressure transducer. The
Fourier transform of the near-field pressure reveals the unstable
frequencies of the hot jet as shown in Fig. 2. The pressure spectra
shown in Fig. 2 show distinct harmonics of 250Hz. These self-excited

oscillations are nothing but the demonstration of a global instability of

the unperturbed steady flow.Becauseof a sudden change in the density

across themixing layer, the globally unstable steady flowwill bifurcate

and settle into a new organized regime of highly regular oscillations.

This new state is termed a global mode of the underlying steady flow,

and its oscillations are tuned to a well-defined frequency, which is

250 Hz and its higher harmonics for our hot jet.
It is important to keep in mind that the hot jet issued from the

prechamber is a transient, variable-property turbulent hot jet. For

such jets, even slight changes in the velocity and density profiles

influence the instability development [46]. Although the unstable

frequencies remain same for a fixed density ratio, a changing jet

velocity will change amplification rate of oscillations, or in other

words, the relative amplitude of the unstable frequencies will change.

B. Effect of Equivalence Ratio

Figure 3 shows the main chamber pressure history for various

equivalence ratio. Note that, for all cases, the prechamber mixture was

kept at the stoichiometric condition. As the fuel/air mixture becomes

leaner, the maximum pressure in the main chamber decreases. Also,

the rate of pressure rise decreases as well. As evident from the pressure

data in Fig. 3, combustion instability becomes predominant at the lean

condition. Pressure starts oscillating heavily for ϕ ≤ 0.5. At lean
condition, the main chamber burn time is longer compared with the

Table 2 Crocco and Dowling’s model parameters

Crocco’s model Dowling’s model

ϕ n τ, m ⋅ s n τ, m ⋅ s
1.0 3.83 0.04 2.15 0.05
0.5 2.94 0.14 1.61 0.17
0.4 2.56 0.18 1.46 0.20
0.3 2.49 0.21 1.38 0.24
0.22 2.38 0.23 1.29 0.26

Fig. 3 Main chamber pressure data as a function of equivalence ratio.

Fig. 2 Near-field pressure spectra of hot jet at x∕D � 0.25 and r∕D � 1
for S � ρj∕ρ∞ � 0.32.
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stoichiometric condition. As such, instability getsmore time to interact

with the chamber acoustics and affect the pressure and in turn flame

dynamics.

C. Fast Fourier Transform

Figure 4 shows the unsteady pressure histories of the main

combustion chamber and the corresponding pressure spectra for

various equivalence ratios, ranging from stoichiometric to the lean

limit of ϕ � 0.22. FFT was applied to the transient pressure data to

determine the frequencies associated with thermoacoustic instability

modes. Classical acoustic resonator theory was used to identify the

frequencies shown in Fig. 4. The dual-chamber system is a closed

system with constant volumes. The main combustion chamber can be

approximated as 17 inches long, L, and 6 inches wide,W. Hence, the

longitudinal and transverse instabilitymodes can bewritten as [47,48]:

f1 �
na

2L
Longitudinalmodes (27)

f2 �
na

2W
Transversemodes (28)

where n � 1; 2; 3; : : : , and a � �������������
γRTad

p
is the speed of sound. Tad

is the constant-volume adiabatic flame temperature for the main-

chamber H2∕air mixture, and the properties such as γ and R were

calculated according to the mixture composition in the main chamber

using thewell-stirred reactor (WSR)model [49]. For theϕ � 1.0 case,
the first harmonic reveals a single broad frequency peak at about

2170Hz,whichmatcheswellwith the calculated frequencyof2155Hz

using Eq. (27). As the equivalence ratio decreases, the adiabatic flame

temperature Tad drops, which lowers the speed of sound, a. The effect
of changes in γ and R is negligible as compared with the flame

temperature. As the speed of sound decreases at leaner conditions,

decrease in the first harmonic frequency is evident—the peak shifts

toward the left of the FFT plot. The measured first harmonic of

thermoacoustic instability for ϕ � 0.22 is 1430 Hz, whereas it is

2170 Hz for ϕ � 1.0. At the lean conditions ϕ � 0.22; 0.3, and 0.5, a
second frequency at 2250Hzwas detected. To understand the origin of

this frequency, modal analysis of the exact combustor geometry was

carried out to find the dynamic response of structure using ANSYS

15.0 [50] Modal analysis (FEA module) of the entire combustor. The

result revealed that the 2250 Hz mode signifies the transverse

deformation of the combustor (which is also the transverse direction of
the flame propagation along the jet surface).
The amplitude and the spread of the FFT peaks as shown in Fig. 4

can be used to qualitatively assess the energy content between
different modes. The spread of the transverse frequency was much
narrower compared with longitudinal mode. Also, the ratio of the
amplitudes of the first longitudinal to transversemode increased with
decreasing ϕ. The amplitude ratio increased from 0.21 at ϕ � 0.5 to
0.48 at ϕ � 0.22. This shows that the energy content in transverse
mode increased as the mixture became leaner.

D. Phase

Thermoacoustic instability arises when an acoustic disturbance
grows over time and affects the chamber pressure, which in turn affects
the heat release rate and flame propagation speed. A necessary
condition for self-excited oscillations is that heat release must supply
net energy to the acoustic disturbance field,

RR
p 0�x; t�q 0�x; t� dt dV ≥RR P

i Li�x; t� dt dV [48], where Li is the ith acoustic energy loss
process that includes viscous dissipation and thermal losses from the
chamber. Because the present flame was not an acoustically compact
flame, the Rayleigh criteria should include the volume V and losses.
Figure 5 shows the effect of phase on the instability amplitude,

p 0∕pmean. The phase between global OH� chemiluminescence and
pressure oscillation was calculated for all the equivalence ratios and
plotted with respect to the fluctuating component of pressure. Figure 5
shows that for a harmonically oscillating field, the fluctuating heat
release adds energy to the local acoustic field when the magnitude of
the phase between the pressure and heat release oscillations is less
than ninety degrees (i.e., 0 < jPhasej < 90). Conversely, when these
oscillations are out of phase (i.e.,90 < jPhasej < 180), the heat addition
oscillations damp the acoustic field. Figure 5 clearly illustrates that the
highest-pressure amplitudes are observed at conditions at which the
pressure and heat release are closely in phase. A pressure fluctuation of
5%–21.8% over the mean pressure occurs for 0 < jPhasej < 45. The
pressure fluctuations decrease below 5% for 45 < jPhasej < 90.
Fluctuating pressure amplitude decreases below 1.8% when heat
release goes out of phase with pressure oscillations.

E. Growth and Decay

The hot turbulent transient jet generated from the prechamber
combustion first accelerates and then decelerates. Our previous
studies [34] had shown that the main chamber ignition initiates

Fig. 4 Unsteady main chamber pressure history and corresponding pressure spectra with decreasing ϕ.
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during the deceleration process of the jet. As soon as the ignition

initiates inside the main chamber, the pressure starts rising. For

ϕ < 0.5, during the pressure rise in the main chamber, the pressure

starts to oscillate, and the oscillations grow in time. Figure 6 shows

the pressure fluctuations, p 0 at ultra-lean conditions, ϕ � 0.22 and

0.3. The amplitude of the disturbance grew in the form of∼eαt, where
the growth constant, α > 0, is the slope of the growth rate. As the

main chamber combustion progressed, heat losses to the walls

increased as well. When main chamber fuel/air completely burned

out, the heat release got out of phasewith pressure fluctuation, losses

was incurred in the system, and pressure perturbation amplitude

decayedwith time. Like growth, the decay processwas nonlinear too;

that is, disturbance amplitude was of the form �1 − e−βt�, where
β > 0 is the decay constant. Unlike rocket or gas turbine instabilities,
because there is no continuous mean flow present in the system, both

the gain and the loss mechanisms last for a brief period of time, in the

order of milliseconds. Furthermore, the growth constant α remains

positive for 4–15 milliseconds for ϕ < 0.5.

F. Supercritical Bifurcation

Abifurcation diagramas a function of the equivalence ratio (themost

significant contributing parameter to the instability) serves as an

essential element understanding combustion instability. This diagram

also shows whether the point of linear instability (the Hopf bifurcation)

is supercritical or subcritical. The nonlinear behavior around the Hopf
bifurcation point determines whether it is a subcritical or supercritical
bifurcation. Because the gradual change of equivalence ratio activates
the instability, our system shows a supercritical bifurcation. Figure 7

shows a smooth, monotonic dependence of the main combustor
pressure fluctuations to the mean pressure ratio, p 0∕pmean on the
equivalence ratio, indicating abifurcation in the system.Anequivalence
ratio of ϕ � 0.5 separates two regions of fundamentally different
dynamics—stable and unstable, respectively, and is referred to as a
supercritical bifurcation point [51], below which thermoacoustic
combustion instability gets activated. Lastly, near the lean flammability
limit ofH2∕air (ϕ � 0.22), the fluctuating pressure, p 0 reaches 21.8%
of themeanpressure,pmean. A fluctuating pressure of such intensity can

severely damage an engine.

G. Flame Edge Identification and Strain Rate PDFs

Pressure oscillations coupled with oscillating heat release rate
change flame dynamics and burning rate. To understand the effect of
pressure perturbations on flame dynamics, strain rates were
calculated at four different equidistant phase angles of the oscillating

pressure perturbation cycle in the main combustor, labeled from “a”
to “d,” respectively, as shown in Fig. 8a. Then strain rate PDFs were
calculated along the oscillating flame edge for these four phases for
ultra-lean conditions.
Flame edge was calculated from simultaneous SIV [36] and OH�

chemiluminescence images. Given a sufficiently high Reynolds
number and adequate refractive flow differences, turbulent eddies
can serve as the PIV “particles” in a schlieren or shadowgraph image.
Velocity field can be extracted by cross-correlating consecutive high-
speed schlieren images. This method is known as SIV and has been
demonstrated using a high Reynolds number turbulent helium jet in
our previous work [36]. Because of the axisymmetric nature of the

flames, the boundaries between burned and unburned regions could
be marked using the OH� signal. The strain rates on the flame edge
were computed using the SIV data. The two-dimensional stress
tensor, eij � 1∕2��∂Ui∕∂xj� � �∂Uj∕∂xi��, can be written for an
axisymmetric geometry in the polar coordinates (r, θ, x) [52]
assuming no variation in the θ direction as

κ �

2
6664

∂ur
∂r

1

2

�
∂ur
∂x

� ∂ux
∂r

�

1

2

�
∂ux
∂r

� ∂ur
∂x

�
∂ux
∂x

3
7775 (29)

This can be written as a symmetric two-dimensional strain tensor
containing the normal and shear strain rates that describe fluid element
deformation. The final form of the strain rate can be written as

Fig. 5 The effect of phase difference between global OH�
chemiluminescence andpressure oscillation on the combustion instability
pressure amplitude.

Fig. 6 Pressureoscillationsdue togrowing instability forϕ � 0.22and0.3.

Fig. 7 Measured pressure data are illustrating supercritical bifurcation.
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κ � −nxnr
�
∂ux
∂r

� ∂ur
∂x

�
� �1 − n2x�

∂ux
∂x

� �1 − n2r�
∂ur
∂r

(30)

where the velocity gradients were calculated from the SIV vectors

using a fourth-order central difference scheme [53].
High-speed Schlieren imaging of flame propagation (top) and the

corresponding velocity field (bottom) obtained from SIV (bottom)

are shown in Figs. 8b and 8c for ϕ � 0.3 and ϕ � 0.22, respectively.
It is evident from these figures that the direction of flame propagation

reversed in one pressure perturbation cycle. Global flame surface

G�x; r; t� moves outward at phase (b) and inward at phase (d). The

arrows denote the globalmovement of the flame surface and thewhite

line represents the calculated flame edge. Our primary focus was to

calculate strain rate along the flame edge for different phases.

Fig. 8 a) A typical pressure oscillation cycle and four equidistant phase angles (phase “a” to “d”). High-speed Schlieren imaging of flame propagation
(top) and corresponding velocity field (bottom) for four separate phases for b) ϕ � 0.3 and c) ϕ � 0.22.

8 Article in Advance / BISWAS AND QIAO

D
ow

nl
oa

de
d 

by
 S

A
N

D
IA

 N
A

T
IO

N
A

L
 L

A
B

O
R

A
T

O
R

IE
S 

on
 J

un
e 

7,
 2

01
8 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.B
36

92
7 



Figure 9 shows the strain rate PDFs along flame edge as the
flame undergoes maximum pressure oscillation cycle, p 0

max�t�,
during thermoacoustic instability. The most probable strain rates for
ϕ � 0.22 and 0.3 are shown in Table 3.
For both equivalence ratios, the most probable strain rate is the

lowest for phase (a) and highest for phase (b). At first, the most
probable strain rate on the flame front increased from phase (a) to
phase (b) where it reached amaximum, then decreased back nearly to
the value of phase (a), and again increased in the next cycle. Hence,
at nodes of pressure perturbation cycle the strain rate went down,
and at antinodes, strain ratewent up. This occurred irrespective of the
growth or decay of the combustion instability. However, the
difference in strain rates between phases (b) and (a) or (d) and (c) is
higher at near maximum pressure perturbation. This behavior of
strain rate PDFs is similar for all equivalence ratios when ϕ < 0.5,
although the distributions are wider for the higher equivalence ratios
due to higher frequency values of the first harmonic as seen in Fig. 4,
particularly for those phases like (b) and (d), where maximum strain
rates were observed.

H. Modeling Results

1D and 3D LEE were solved to analyze the self-excited
combustion instability in the dual-chamber system shown in Fig. 1b.
Both ends of the combustor were closed, and the connecting nozzle
was acoustically choked. Mean flow effects and entropy waves were
included in the calculations. The Mach numbers in the prechamber
and the main chamber were negligible compared with that in the
connecting nozzle. Crocco’s pressure lag and Dowling’s velocity lag
model were implemented to model CRF. The prechamber and the
nozzle were assumed filled with combustion products at adiabatic
flame temperature. Additionally, the flame was assumed to sit in the
main combustor. All thermochemical properties were calculated using
the equilibrium module of COSILAB [54]. Because the connecting
nozzle was acoustically choked, the prechamber did not influence
the main chamber combustion stability. A sharp discontinuity was
observed in all mode shapes at the flame location. In 1DLEE, pressure
and temperature mode shapes were in phase with a minimal time lag.
Table 4 lists the calculated instability frequencies, and growth rate

averaged over a single pressure oscillation cycle for the dual-chamber
combustor. The results in Table 4 were obtained by using an in-house
solver for 1D LEE and COMSOL 3DLEE. The results from 1D LEE
overestimated the frequencies by 7%–15%. However, the 3D model
predicted the frequencies within 2%–8% of the experimental values.

For example, for ϕ � 0.3, the first longitudinal and transverse modes

(1Land1T)occur at 1570and2250Hz, respectively.Themixedmodes

occur at frequencies higher than 4000 Hz. The following section

identifies the instability modes associated with these frequencies.

Table 5 lists different frequencies associated with combustion

instability in the system. The first frequency in FFT (Fig. 4) is always

of the longitudinal mode of the combustor.

The ratio of the 1L mode to the other modes in FFT is always

greater than 2. This indicates that the longitudinal mode is the

dominant/strongest mode in the combustor. For any combustor, the

longitudinal mode can easily be predicted using classical acoustic

resonator theory [Eqs. (27) and (28)]. The higher-order modes are

complex in nature.A careful investigation revealed that the transverse

modes become dominant for lower equivalence ratios. The probable

reason is that due to the shorter width of the combustor, transverse

waves did not get enough time to interact with the flame for ϕ > 0.4.
However, at lower equivalence ratios, as the flame got weaker,

transversemodes became important. Themost interestingmode is the

mixedmode, 1L-1T, when the longitudinal and transverse modes got

coupled at a high frequency, 4540 Hz.

Figure 10 shows the growth rates as a function of normalized time-

lag τ for various equivalence ratios. The positive growth rate was

observed when the time time-lag between pressure oscillations and

heat release was in phase, τ < 0.25 or τ > 0.75. For ϕ � 1.0 the

Fig. 9 Strain rate PDFs for a) ϕ � 0.3, and b) ϕ � 0.22.

Table 3 Most probable strain rates

ϕ � 0.3 ϕ � 0.22

phase “a” 925 1075
phase “b” 1110 5040
phase “c” 3880 1420
phase “d” 2790 4390

Table 4 Comparison of instability modes from experiments and

modeling

Frequency, Hz
Growth rate,

rad∕s

ϕ Experimental
1D LEE

(House code)
3D LEE

(COMSOL) 1D and 3D LEE

1.0 2170 2205 2192 0.005
0.5 1845, 2250 1903, 2297 1859, 2276 0.13
0.4 1740, 2250 1794, 2278 1755, 2267 0.29
0.3 1570, 2250,

4540
1612, 2281,

4587
1590, 2271,

4550
0.89

0.22 1430, 2250 1488, 2279 1452, 2270 1.9

Table 5 Identification of different instability frequencies

Frequency, Hz Longitudinal Transverse Mixed

2170 1L
1845 1L
1740 1L
2250 1T
1570 1L
4540 1L-1T
1430 1L
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average growth rate was negligible, 0.005 rad∕s. Compared with
growth rates for ϕ ≤ 0.5, damping was observed for ϕ � 1.0,
indicating that heat losses from the system were faster than the
fluctuation to grow. This made the system stable for ϕ > 0.5.
However, below ϕ < 0.5 flame dynamics got coupled with pressure
oscillations and heat release and growth rates increased. The growth
rates reached maximum for ϕ � 0.22.

I. Dynamic Mode Decomposition

DMD provides a better understanding of the dynamic behavior
of the unsteady heat release, pressure perturbation, OH� signal,
unsteady velocity, and vorticity field inside the combustor. TheDMD
algorithm resembles with proper orthogonal decomposition (POD),
but DMD has several advantages over the POD.When POD contains
the flow dynamics associated with multiple frequencies, every DMD
model comprises of only a solo frequency. Thus, the physical
significance of a particular frequency present in the flow field can be
better understood using DMD rather than POD.
DMD [28,55] was employed to identify the dynamic behavior that

has periodic occurrence in the dual-chamber combustor and to
understand relations between the different physics. DMD mode
spectrum was calculated using 500–1000 OH� images with a time
separation of 45.5 μs. Figure 11 compares the DMD spectra with the
pressure spectra calculated using FFT for ϕ � 0.22. The 1L

(f � 1430 Hz) and 1T modes (f � 2250 Hz) match well. Even the
ratios of the amplitudes of 1L to 1T modes from FFT and DMD
spectra agree closely.
The spatial mode shapes of the DMD modes for ϕ � 0.22 are

presented in Fig. 12 for frequencies of 1430 Hz (1L) and 2250 Hz
(1T). The DMD analysis was performed using mean subtracted
images, and so only the fluctuations in the OH� signal are visible.
Figure 12a clearly shows the heat release region concentrated on the
flame surface for f � 1430 Hz. This observation holds true for all
other equivalence ratios. Thus, the first longitudinal (1L) mode
always signifies the heat release mode of the combustor. Conversely,
the first transverse (1T) mode as shown in Fig. 12b, f � 2250 Hz, is
related to the transverse natural frequency of the combustor. While
the 1L mode changes with the change in equivalence ratio (due to
change in adiabatic flame temperature), 1T remains identical because
it is a function of chamber geometry only.

J. Mechanisms Associated with Combustion Instability

Time-resolved simultaneous Schlieren and OH� chemilumines-
cence imaging and modeling results from 3D LEE were used to
investigate themechanism behind thermoacoustic instability of ultra-
lean premixed H2∕air combustion by prechamber hot jet ignition.
Figure 13 schematically shows various sources of disturbances in the
dual-chamber jet ignition combustion system. The unstablemodes of
an absolutely unstable turbulent hot jet (jet temperature ranges
between 900 K < T < 1200 K [35]) initiated ignition of ultra-lean
H2∕air mixture in the main chamber. When the main chamber
equivalence ratiowent belowϕ < 0.5, thermoacoustic instability was
activated. Flame speed and adiabatic flame temperature decreased
significantly at ultra-lean conditions. Thus, the flame became
progressivelyweak and acoustic disturbances from the self-excited hot
jet, ignition, and reflected pressure waves started affecting the flame
dynamics. Strain rate along flame edge increased at antinodes of each
pressure perturbation cycle and decreased at nodes. This oscillating

Fig. 10 Growth rates as a function of normalized time lag, τ.

Fig. 11 Comparison of FFTpressure spectrawithDMDspectra ofOH�
images.

Fig. 12 DMDspatialmode at a)f � 1430 Hz andb)f � 2250 Hz from
OH� images.

Fig. 13 Schematic of adual-chamber jet ignition combustion systemas a
feedback amplifier.
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strain rate (or in other words the fluctuating velocity field, u 0) supplied
energy to form the coupling between unsteady heat release q 0 and
pressure fluctuations p 0. When losses through the system (heat losses,
acoustic losses, damping, etc.) were higher than the growth rate (gain),
instability started to decay. The overall energy in the coherent field
depended upon the relative balance between these competing
amplification and damping processes. The longitudinal modes were
dominant for relatively higher equivalence ratio, 0.4 < ϕ < 0.5. But
transverse and mixed modes become important for ultra-lean
conditions,ϕ < 0.3. Neverthless, the first longitudalmode remains the
strongestmodeof such thermoacoustic instability in a constant volume
chamber.

V. Conclusions

This paper characterized thermoacoustic combustion instabilities
of ultra-lean premixed H2∕air ignited by prechamber generated hot
turbulent jet using combined experiment and modeling. The key
findings are summarized below. The strongest mode always
corresponds to the first longitudinal (1L) mode of the system. The
first transverse (1T) mode is chamber geometry dependent. The
higher-order modes are the complex coupled mode of the combustor.
Unstable modes from 3D LEE match better with the experimental
data as compared with 1D LEE. The first unstable mode in
combustion instability always corresponds to the longitudinal mode
of the system. Transverse and complex mixed modes arise at lower
equivalence ratios. A supercritical bifurcation occurs, and instability
gets activated forϕ < 0.5. The frequency of the first longitudinal (1L)
mode decreases with decreasing equivalence ratio due to change in
adiabatic flame temperature. The frequency of the 1L mode ranges
from 1400 to 2200 Hz. Strain rates fluctuate along the oscillating
flame edge. This causes higher strain at antinodes and lower strain at
nodes of pressure perturbation cycle. The maximum strain rate
reaches four- to fivefold of the minimum strain rate in a typical
pressure perturbation cycle at the lean flammability limit for H2∕air.
At the lean flammability limit, the fluctuating pressure reaches 25%
of the mean pressure. DMD analysis was performed on OH�
chemiluminescence images to identify the physical significance of
the dominant unstable modes in the combustor. The 1Lmode always
corresponds to the heat release mode of the combustor.
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